The propagation of a normally incident plane acoustic wave through a three-dimensional rigid slab with periodically placed holes is modeled and analyzed. The spacing of the holes A and B, the wavelength , and the thickness of the slab L are order one parameters compared to the characteristic size D of the holes, which is a small quantity. Scattering matrix techniques are used to derive expressions for the transmission and reflection coefficients of the lowest mode. These expressions depend only on the transmission coefficient, 0 , of an infinitely long slab with the same configuration. The determination of 0 requires the solution of an infinite set of algebraic equations.
I. INTRODUCTION
The propagation of acoustic and elastic waves through periodic structures with different mechanical properties has received considerable study. [1] [2] [3] [4] [5] [6] [7] [8] [9] These phenomena are similar to the propagation of electromagnetic waves in photonic crystals. The existence of pass and stop bands is a common feature shared by all. These are observed both theoretically 1,3,7 and experimentally. 5, 6, 8, 9 In electromagnetic applications these photonic structures are used to construct frequency selective filters. Similarly, their acoustic counterparts are used in constructing vibrationless environments, 4 building ultrasonic transducers and filters, and designing new acousto-optical devices. 9 In this paper, the propagation of acoustic waves is investigated for a particular periodic structure. It is a rigid slab with periodically perforated holes. The motivation for this research partly comes from the analogy between the periodic elastic composites and periodic dielectrics. Recently considerable attention has been focused on the propagation of electromagnetic waves through a particular two-dimensional, metallic grating. [10] [11] [12] This grating is a perfectly conducting metallic slab of finite thickness in which slits are periodically cut through it. It was found that at certain frequencies there is complete electromagnetic transmission through the structure although the width of the slits is much smaller than the incident wavelength and the spatial period of the structure. Several explanations of this phenomenon are given. 13, 14 The acoustic analog of this problem consists of a rigid material, which plays the role of the metal slab, and an incident plane, acoustic wave, which takes the role of a properly polarized electromagnetic wave. Since the two-dimensional electromagnetic and acoustic problems are mathematically equivalent, the phenomenon will be the same. This is true when the grating is composed of a periodic array of closely space hard cylinders. 15 The purpose of this paper is to show that our three-dimensional structure has the same feature of complete transmission at certain discrete frequencies. Our structure has been studied 16 for a slab of infinite length, with circular holes; it was used as a model of a simple porous medium. Reflection coefficients over a wide range of frequencies were investigated in detail to the first cutoff frequency by using perturbation analyses. In this paper, we apply a scattering matrix technique to theoretically find the acoustic transmission properties of a rigid slab with periodically arranged air holes. Specifically, the scattering matrix of the structure is derived for arbitrarily shaped holes. It is found that this matrix depends on only one parameter. Under the assumption that the incident wavelength is of the same order as the spacing of the holes and is much bigger than the hole size, the total transmission and total reflection properties of the structure at certain frequencies are obtained for circular holes. In constructing the scattering matrices to show this interesting phenomena we revisit the problem considered in Ref. 16 and re-derive some of the results contained therein. However, the derivations in this paper are more straightforward and the results are obtained for general hole shapes. In this paper we show that our periodic structure possesses very sharp pass bands and very broad stop bands. That is, only certain discrete frequencies pass through the slab. This feature may be exploited to build filters and Fabry Perot resonators, the latter being constructed by placing two parallel slabs a few wavelengths apart.
The remainder of this paper is organized as follows. In Sec. II we present the mathematical formulation of the problem and our assumptions. This is followed by presenting modal solutions for each part of the structure. The form of the solution outside the slab is explicit. The solution inside the holes depends on their shape. However, the lowest eigenvalue and the eigenfunction for different shapes are found to be the same. In Sec. III we present and discuss two auxiliary problems, which are to construct the scattering matrix S for the structure. This allows both the transmission and the reflection coefficients to be obtained using S. We find remarkably that the transmission and reflection coefficients of our structure only depend upon one parameter, 0 . This parameter is the transmission coefficient of the first auxiliary problem. In Sec. IV we present a Green's function argument in conjunction with a modal analysis to derive an infinite system of algebraic equations whose solution gives 0 . In Sec. V, we exploit the small parameter D / S to obtain an approximation of 0 for the circular holes. In Sec. VI, we show that our structure possesses the complete transmission property described above. Finally, we present our conclusions in Sec. VII.
II. MATHEMATICAL FORMULATION
A schematic diagram of the structure is shown in Fig. 1 . It is a rigid slab, infinitely long in both X and Y directions. In the Z direction the thickness of the slab is L. Holes are arranged periodically in the XY plane, and the cross section of the hole is uniform along the Z direction. All the holes are of the same shape. Since the structure is periodic, we consider a fundamental cell, which is also shown in Fig. 1 . The length and the width of the fundamental cell are A and B, respectively. For an arbitrarily shaped hole, we define D, the square root of the hole's area, as the characteristic size of the hole.
A plane acoustic wave with frequency is normally incident on the perforated slab. The incident wavelength is of the same order as A and B. We assume that the viscosity of air is small enough so that the boundary layer on the surface of the hole channel can be neglected. Then the acoustic pressure U satisfies Helmholtz equation, ٌ 2 U + K 2 U = 0 both inside the pores and outside the slab. The constant K in the Helmholtz equation is the wave number defined by K =2 / . The boundary condition is ‫ץ‬U / ‫ץ‬n = 0 on the rigid portions of the slab, where n denotes the normal direction to the rigid surfaces.
We assume that the hole is small compared to the size of the fundamental cell, that is, D Ӷ ͱ AB. Under this assumption, it is intuitive that most of the incident wave will be reflected from the slab and only a small remnant of the wave will be able to reach the region Z Ͼ L. However, as mentioned above, we shall show that complete transmission is achieved at certain frequencies and slab thicknesses. All upper case letters used so far represent dimensional parameters and variables. We will use lower case letters to denote the corresponding dimensionless quantities. We scale all lengths by ͱ AB. Therefore, the fundamental cell has length a and width b, and ab = 1. The slab thickness l = L / ͱ AB and the dimensionless wave number k = K ͱ AB are both order one parameters in our problem. The dimensionless size of the hole is d = D / ͱ AB Ӷ 1 by our assumption that D Ӷ ͱ AB. The pressure U is scaled by the amplitude of the incident wave. After nondimensionalization, the governing equation and the boundary conditions become
Since the structure is periodic and the incident wave strikes it normally, it is expected that in regions z Ͻ 0 and z Ͼ l, both u and its normal derivative are periodic functions of x and y with period a and b, respectively. By applying the boundary conditions, the solutions in regions z Ͻ 0 and z Ͼ l can be written as eigenfunction expansions, 
u͑x,y,z͒
where we have suppressed a time dependence of e −it . In the region z Ͻ 0, the solution consists of the incident wave u i = e ikz and reflected waves. The unknowns R mn are the amplitudes of the mnth reflected modes and ␤ mn are the corresponding propagation constants. In the region z Ͼ l, the mnth mode of the transmitted wave has an unknown amplitude T mn . In ͑2a͒ and ͑2b͒ mn are normalized eigenfunctions of the periodic structure. If we choose the origin of the coordinate system to be at the center of the fundamental cell, these eigenfunctions can be written explicitly as 00 = 1, ͑3a͒
and the propagation constants are
In the channel where 0 Ͻ z Ͻ l, there are waves in both z and −z directions. If we can find the eigenvalues and eigenfunctions corresponding to a particular hole shape, we can write down the solution of the Helmholtz equation in terms of the eigenvalues and eigenfunctions in this region, just as we did for the regions outside the slab. We know that for the Laplace operator with a Neumann boundary condition, all the eigenvalues are real and positive, therefore the eigenvalues can be ordered. Let p denote the eigenvalues and p denote the corresponding eigenfunctions, where p =0,1,2,.... Then the solution in the channel can be expressed as
͑5͒
In Eq. ͑5͒ the propagation constants k p are defined as k p = ͱ k 2 − p 2 , and the amplitudes A p and B p of each mode are unknown. Although the eigenvalues and eigenfunctions depend on the shape of the hole, the smallest eigenvalue and its corresponding normalized eigenfunction are the same for all shapes. The smallest eigenvalue is 0 = 0 and its corresponding eigenfunction is 0 =1/d. Therefore, we have
All the eigenvalues p for p Ն 1 are greater than 0 and of order 1 / d. ͑The proof is given in Appendix A.͒ Since p ӷ 1, k p = i ͱ p 2 − k 2 for any fixed k as d → 0. Therefore, the propagation constants k p can be approximated by
with p being order one quantities. This means that all the higher modes in the hole channel are highly damped.
III. THE METHOD

A. Scattering matrix method
In Sec. II, we derived solutions of the slab problem in terms of eigenfunction expansions. By finding the unknown coefficients of each mode, the problem will be solved completely. One way to find the unknown coefficients is by using the boundary conditions that connect the three regions, z Ͻ 0, 0 Ͻ z Ͻ l, and z Ͼ l. This can be attained by using Green's function arguments to derive two integral equations, one at z = 0 and the other at z = l, and substituting these modal solutions in the integral equations. Then, by exploiting the orthonormal properties of eigenfunctions, two coupled infinite systems of algebraic equations can be derived and solved numerically to obtain the transmission coefficients T mn and the reflection coefficients R mn .
The other approach to solve the problem is by the application of scattering matrix theory. In microwave circuit analysis and design, the scattering matrix is widely used to characterize a component, such as an amplifier or other circuit elements. 17 As shown in Fig. 2 , a two-port circuit has two input voltages, a 0 and b 0 , and two output voltages, c 0 and d 0 . These are proportional to the strengths of the incident and reflected modes, respectively. They are connected through the scattering matrix S, which is often obtained experimentally, that is, the inputs and the outputs are related by the following equation,
͑8͒
Once the scattering matrix S of the device is known and a 0 and b 0 are prescribed, the scattered amplitudes c 0 and d 0 are found from ͑8͒.
We are going to construct a scattering matrix for the slab problem, which connects the lowest mode of transmitted and reflected waves to the amplitudes of the incident waves. In order to do so, we will divide the slab into two parts at z = l / 2. A scattering matrix for each part will be constructed individually. Then, neglecting the evanescent modes at z = l / 2, a very good approximation by Eq. ͑7͒, we can combine these two matrices to construct S for our slab structure.
As a consequence of neglecting the exponentially small evanescent modes the acoustic field in the channel near z = l / 2 is given by 
Then from Eq. ͑4͒ it follows that all the ␤ mn are purely imaginary except for ␤ 00 , which is equal to k. Thus, at a distance several wavelengths to the left of the aperture z =0, the field is
Similarly, the transmitted acoustic field in the region z Ͼ l is given by u = T 00 e ikz 00 . ͑11͒
As we shall soon demonstrate, there exists a scattering matrix S 1 that connects the amplitudes of the outgoing waves R 00 and. B 0 with the amplitudes of the incident waves 1 and A 0 . The scattering matrix S 1 can be considered to characterize the first half of the structure ͑− ϱ Ͻz Ͻ l /2͒.
We shall also show that there exists another scattering matrix S 2 that characterizes the second half of the structure ͑l /2Ͻ z Ͻ ϱ͒ and connects A 0 , B 0 , and T 00 . A combination of the two scattering matrices S 1 and S 2 yields the scattering matrix S of the slab.
B. Two auxiliary problems
In order to determine matrices S 1 and S 2 , we consider two auxiliary problems. The structure of these two auxiliary problems is the same as that of the fundamental cell, except that the channel is infinitely long ͑l = ϱ ͒. This is the structure studied in Ref. 16 .
In the first auxiliary problem, the wave is incident upon the periodic structure and is transmitted into the channel, as shown in Fig. 3 . As before, we can write a modal solution of the problem as follows,
in which u 1 denotes the acoustic pressure in the first auxiliary problem. The first transmission coefficient 0 and the first reflection coefficient r 00 in Eqs. ͑12͒ are related by the simple equation
is derived in the following way. To the left of z =0 ͑at z =−␦͒, we differentiate u 1 with respect to z, then multiply ‫ץ‬u 1 / ‫ץ‬z by 00 . After integrating it over the area of the fundamental cell and using the orthonormality of the eigenfunctions, we obtain
͑14͒
Similarly, to the right of z =0 ͑at z = ␦͒ we have
in which the double integral ͐͐ H is over the area of the hole.
Letting ␦ → 0, the region of integration in ͑14͒ will coincide with H because ‫ץ‬u 1 / ‫ץ‬z = 0 outside the hole. Equation ͑13͒ now follows from the facts that ‫ץ‬u 1 / ‫ץ‬z is continuous in the hole at z = 0 and 0 d = 00 . The second auxiliary problem has the same structure as the first one. However, the wave is incident from the channel and is transmitted into the air region, as shown in Fig. 4 . Therefore, the modal solution to this problem is
Using the same argument as in the derivation of Eq. ͑13͒, it follows that the first transmission coefficient ␥ 00 and the first reflection coefficient 0 in the second auxiliary problem are related by
The two auxiliary problems are not independent. In Appendix B we prove that ␥ 00 = 0 . ͑18͒
Equations ͑13͒, ͑17͒, and ͑18͒ form a system of three equations in four unknowns. Thereby, we are able to express any three parameters in terms of the fourth. We choose to express ␥ 00 , r 00 , and 0 in.terms of 0 . Explicitly we have ␥ 00 = 0 . ͑19c͒
The above result that any three of the four fundamental reflection and transmission coefficients can be written in terms of the fourth coefficient is also derived in Ref. 16 , in which, a more complicated integral representation method is involved with the results holding only for circular holes.
These two auxiliary problems and their simple results enable us to find the scattering matrix of the slab, which depends on only one parameter.
C. Scattering matrix of the slab structure
Now we consider the slab problem. The scattering matrix for the first half ͑− ϱ Ͻz Ͻ l /2͒ is derived by linearly combining the two auxiliary problems, since both the Helmholtz equation and the boundary conditions are linear. From Fig. 5 we observe that the first half of the structure can be viewed as having incident modes with amplitudes 1 and A 0 , and reflected modes with amplitudes R 00 and B 0 . Hence, the results of the two auxiliary problems imply that R 00 = r 00 · 1 + ␥ 00 A 0 , ͑20a͒
Rewriting Eq. ͑20͒ in matrix notation and using the relations given in Eq. ͑19͒ gives
͑21͒
where the scattering matrix S 1 is
͑22͒
The scattering matrix S 1 represents the first half of the slab structure. In Appendix C we prove that S 1 is unitary, i.e., S 1 S 1 T = I, where T denotes the transpose of the matrix, the bar denotes the complex conjugate, and I is the 2 ϫ 2 identity matrix. From this relationship it follows that
The locus of Eq. ͑23͒ is a circle in the complex 0 plane. This circle can be equivalently expressed by
where − ϱ Ͻ Ͻϱ, which is just a conformal mapping of the real line onto the circle. We now derive the scattering matrix S 2 , which relates the amplitudes of incident and reflected modes at the channel opening z = l. We introduce a new independent variable z = l − z, which maps the second half of the structure into the first half. Using the result of S 1 , we deduce that
͑25͒
where e 2ikl and e −2ikl take into account the physical location of the channel at z = l. Therefore, the amplitudes of outgoing waves T 00 and A 0 are related to the amplitudes of the incoming waves B 0 by S 2 , as follows,
One of the input wave amplitudes is 0 because there is no incident wave in the region z Ͼ l.
To determine a scattering matrix of our perforated slab structure, we first solve for A 0 in terms of B 0 from Eq. ͑21͒. Then we substitute A 0 in Eq. ͑26͒ and find B 0 . The transmission coefficient T 00 and the reflection coefficient R 00 are determined from ͑21͒ and ͑26͒, respectively. These results are summarized as ͫ R 00 T 00
and M =1−͑1− 0 / d͒ 2 e 2ikl . The scattering matrix S connects the reflected and transmitted waves of the lowest mode to the incident wave, as long as k is restricted to ensure single mode propagation in the regions z Ͻ 0 and z Ͼ l. It is important to note that S only depends on 0 , which, from ͑24͒, is completely specified by . Therefore, the reflection and transmission coefficients, R 00 and T 00 , only depend upon this one real parameter. This feature arises in the twodimensional grating analyzed in Ref. 14. In the following sections, we will approximate numerically and find the transmission properties of the slab structure.
IV. THE DETERMINATION OF 0
The diagram of the first auxiliary problem is shown in Fig. 3 . A part of the normally incident wave is reflected from this structure and the rest is transmitted into the channel. The modal solution, Eq. ͑12͒, of this problem was presented in Sec. III B, where the reflection and transmission coefficients are unknown. We shall now derive an expression for the field u 1 in the region z Ͻ 0 using a standard Green's function representation. From this result we will deduce an infinite system of algebraic equations for the n from which 0 will be determined.
The Green's function we employ satisfies
which is periodic in both x and y directions and represents outgoing, or evanescent, modes as z → ± ϱ. It is explicitly given by
i␤ mn e 2mi͑x−xЈ͒/a e 2ni͑y−yЈ͒/b e −ikzЈ , zЈ Ͻ z Ͻ 0.
͑30͒
Applying standard Green's function arguments, using the periodicity of both u 1 and G, their behaviors at infinity, and boundary conditions at z = 0, we find that u 1 ͑x,y,z͒ = ͑2 cos kz͒ 00
͑31͒
Equation ͑31͒ is our integral representation of u 1 in the region z Ͻ 0. The first term in Eq. ͑31͒ is the sum of the normally incident wave e ikz and its rigid reflection e −ikz . It is the field that would occur if no holes were present. In the second term, the integration is over the surface of the hole. Since the hole is small, the second term can be considered as a perturbation to the field in the region z Ͻ 0 due to the existence of small holes in the structure.
Setting z =0 − in Eq. ͑31͒, we obtain the field at the interface z =0, u 1 ͑x,y,0
Since both u 1 and ‫ץ‬u 1 / ‫ץ‬z are continuous across z = 0 on the surface of the hole, we let z =0 + and substitute the modal expansion ͑12b͒ to obtain and ␦ q0 is the Kronecker delta function. We recall from Eq.
͑7͒ and our limit
Using this observation we rewrite Eq. ͑34͒ as
The equations in ͑36͒ form an infinite system of algebraic equations with unknowns p . The quantities Z qp are defined in ͑35͒. If the eigenfunctions p are known, Z qp can be found either analytically or numerically for each p and q. There-fore, each p can be solved for approximately by truncating the infinite system. Before truncating the algebraic system ͑36͒, we simplify it further, so as to find an explicit representation for 0 that is comparable to ͑24͒. Setting ␣ q = q / ͑−ik 0 ͒ for q Ն 1 and substituting ␣ q in ͑36b͒ gives
The same change of variable applied to ͑36a͒ yields 0 = 2d
Thus, 0 can be found explicitly provided that Eq. ͑37͒ can be solved for the ␣ q . The quantities Z qp depend upon the shape of the hole. However, the first eigenfunction 0 =1/d is the same for all shapes. Therefore, we deduce from Eq. ͑35͒ that Z 00 is given by
͑39͒
Now, G in Eq. ͑30͒ can be rewritten for z = zЈ =0 as
where we have used that fact that ␤ nm = i ͉ ␤ nm ͉ for our restricted values of k. Substituting this into the expression for Z 00 and integrating the first term implies that the first term is d 2 / ik for any shape of the hole. Hence, Z 00 can be rewritten as
where Z 00 is real. Finally, substituting this result into Eq. ͑38͒ gives 0 = 2d
Equations ͑42͒ and ͑24͒ are identical with
Thus, 0 lies on the circle given by Eq. ͑23͒ regardless of the shape of the hole. We observe that the system ͑37͒ must be truncated in order to obtain an approximate solution for the ␣ q . Once these are determined, then Eqs. ͑42͒ and ͑43͒ can be truncated to yield an approximation to 0 , and this in turn will be used to approximate T 00 . It is interesting to note in closing this section that our truncated approximation of 0 satisfies ͑24͒ regardless of either the truncation level or the accuracy used in computing the Z qp . However, the accurate location of 0 on this circle requires careful approximations and truncations.
V. AN APPROXIMATION TO 0 FOR CIRCULAR HOLES
In the expression for 0 in Eq. ͑42͒, the real number needs to be computed. Since is a function of Z qp and ␣ q ͓Eq. ͑43͔͒, we shall first evaluate the parameters Z qp and ␣ q in order to determine and hence determine 0 . In this section, 0 is determined for circular holes.
If the dimensional radius of the hole is R, then the characteristic size of the hole is D = ͱ R. After nondimensionalization, we obtain that d = ͱ r. Therefore, the eigenfunctions corresponding to the circular hole can be easily obtained as follows,
where J 0 is the zeroth order Bessel function. The corresponding eigenvalues are found to be p = j 1p ͱ / d, where j 1p is the pth root of the first order Bessel function. Note that only the radial eigenfunctions are employed since the incident wave impinges normally upon the slab. As mentioned before, for d Ӷ 1, the propagation constants
in the channel can be approximated by
͑47͒
Now, the quantities Z qp can be found explicitly using the explicit expressions of the Green's functions and the eigenfunctions. The integral in Eq. ͑35͒ is computed by interchanging the order of integration and the summation. The results of these calculations yield
where 1 , 2 , and 3 are defined as
We observe that in Eq. ͑49͒, the quantities Z qp are symmetric and hence S pq = S qp . Substituting the new notation in Eqs. ͑37͒ and ͑42͒, respectively, gives
and 0 = 2d
The infinite system of equations ͑51͒ cannot be solved exactly; it must be truncated to obtain approximations to the ␣ q . For a fixed N we denote by ␣ q the approximate solution of ͑51͒, which satisfies
͑53͒
where ͑47͒ has been used for simplification. The corresponding approximation to 0 is denoted by 0 , which is obtained from ͑52͒ by truncating the series at p = N. We have solved ͑53͒ for values of d ranging from 0.01 to 0.1, for several values of N. We have found for these values of d that the corresponding values of 0 are accurate to four decimal places when N = 3, i.e., increasing N does not significantly alter their values. These results are similar to the trends seen in the related problem of Ref. 14.
We will now derive an approximate solution of ͑53͒ and the corresponding approximation of 0 by exploting the smallness of d. Before doing this, we first check the order of S qp as d approaches 0. Figures 6, 7 , and 8 show this behavior for S 00 , S 0p , and S qp , respectively. In Fig. 6 we observe that, as d approaches 0, S 00 increases and behaves like 1 / 2d. In Figs. 7 and 8 we observe that the S 0p and S qp are very small compared to S 00 , and both the S 0p and S qp are order one quantities as d approaches 0.
Using the fact that both the S 0p and S qp are of O͑1͒ for small values of d and the fact that d Ӷ 1, a simple approximation to Eq. ͑53͒ yields
Substituting this expression into the truncated version of Eq. ͑52͒ we obtain the approximation to 0 :
As d approaches 0, the second term in curly brackets is much smaller than the first term. This is because the S 0p are of O͑1͒ and S 00 is of O͑1/d͒ for d Ӷ 1. Therefore, neglecting the second term in ͑55͒ we obtain
This approximation satisfies the constraint ͑24͒ and, more importantly, is remarkably accurate. It agrees to within three decimal places of the numerical results obtained from solving ͑53͒ and the truncated version of ͑52͒. 
VI. TRANSMISSION PROPERTIES
Through the analysis in Sec. V, we obtained an approximation of 0 for small values of d. We are now ready to numerically approximate T 00 . From Eqs. ͑27͒ and ͑28͒ we readily solve for T 00 and find
Substituting the approximation 0 from Eq. ͑56͒, we find that
We note here that the formula ͑58͒ for T 00 can be obtained by carefully summing up the internal reflections within the slit using the reflection and transmission coefficients from the two auxiliary problems and their relationships to 0 .
From this expression of the transmission coefficient, we observe that if kl is such that 2 is an order one quantity, then T 00 is O͑d 2 ͒, which is very small and there is very little transmission into the region z Ͼ l. This agrees with our intuition, because when the holes are small, most of the acoustic wave reflects back into z Ͻ 0. However, there exist values of kl such that 2 = 0, that is,
then, in this case,
Using the fact that d Ӷ 1, the values of kl that approximately satisfy ͑59͒ are
where M is any positive integer. Using the these values of kl in Eq. ͑60͒, we deduce
Therefore, for these values of kl, the slab is almost transparent. This transparency is caused by a resonance phenomenon in the small channels. Although only a small amount of the wave propagates into a channel, 0 = O͑1͒, it constructively reflects back and forth within. This reflection is almost perfect within the channel because 0 =1− 0 / d ϳ −1. The leading order approximation of kl from ͑61͒, kl ϳ M, would occur if the channel openings were replaced by sound soft surfaces. Thus, the result given by ͑61͒ shows the channels behave as leaky resonators. The numerical results presented in the next two paragraphs support this interpretation. The transmission coefficient given Eq. ͑58͒ is plotted in Fig. 9 as a function of l for k = and d = 0.05. It shows that T 00 is almost 0 for all thicknesses l of the slab except at l Ϸ 1,2,3, ..., where T 00 Ϸ 1. Actually, the peaks occur just to the left of these integers. The difference agrees with our approximation for l. This agreement is also seen in Fig. 10 , where k = , S 00 = −4.33, and d = 0.1. In this figure, the peaks appear some distance to the left of l =1,2,3, ..., and the difference is 0.086, which equals 2d 2 S 00 . Also, Figs. 9 and 10 verify that, away from the peaks, the values of T 00 are O͑d 2 ͒. The resonances shown in these figures are very sharp due to the fact that there are no losses in our model. We can relax this idealization in a phenomenological way by making the wave number k slightly complex. The result is shown in Fig.  11 where the dashed curve corresponds to Im͑k͒ = 0.05 and the solid to Im͑k͒ = 0.01. In both cases Re͑k͒ = and d = 0.1. It is clear that increasing the imaginary part of k diminishes the resonant peaks and effectively spreads out the response as a function of l.
Similarly, we can fix the thickness of the slab and solve Eq. ͑59͒ for k to find the frequency at which the structure is transparent. Since S 00 is also a function of k, it is not easy to find an explicit expression. However, it is easy to check nu- merically that, when k Ͻ 2 / a , S 00 is not a sensitive function of k. Thus from Eq. ͑61͒, k can be approximated as
For these values of k, T 00 Ϸ 1. The behaviors of ͉T 00 ͉ as a function of k are illustrated in Figs. 12 and 13, where l =1 and 2, respectively. The peaks occur just at the position estimated by Eq. ͑63͒. The number of peaks increases as l increases when the upper limit of k is fixed. Again, the resonance shown in these figures is very sharp. These can be smoothed somewhat by taking into account a small amount of viscosity in the acoustic fluid. This amounts to letting the imaginary part of the wave number depend quadratically on frequency, or equivalently replacing k by k + ik 2 ⑀, where ⑀ is a small number depending upon viscosity. The results for this case are shown in Fig. 14 . The resonances become less pronounced as ⑀ and the frequency are increased.
It is clear from these figures that the perforated rigid slab behaves like a narrow-band filter, in the absence of losses.
For certain frequencies, energy is transmitted almost 100%; for other frequency bands, almost all the energy is reflected. Also, the widths of the pass bands depend on the dimensionless radius of the holes. If dimensions are reintroduced, then these widths would depend upon the porosity of the rigid slab. However, it is also clear from our figures that the practical use of this structure, as a filter, will be limited by the losses present in a real application.
Finally, we note that our results can be extended to noncircular channels. The calculations become complex, even in the case of square crossections. The reader is referred to Ref. 18 for the details of this case.
VII. CONCLUSION
In this paper, we have analyzed the transmission properties of a periodically perforated rigid slab under normal, plane wave incidence. We have assumed that the characteristic size of a hole is much smaller than the spacing of the holes, while the incident wave length is of the same order as the hole spacing. We have also restricted the range of the incident wave frequency such that only one mode propagates outside the slab and inside the holes. The length of the slab in our problem is long enough so that all the evanescent modes are negligible in the middle of the hole channel. Under these assumptions, we have considered two auxiliary problems. Both of the auxiliary problems have the same structure as the slab except that they are infinitely long. In the first auxiliary problem, the wave is incident from the air; in the second auxiliary problem, the wave is incident from the hole. The relationship of the transmission and the reflection coefficients of the two problems were discussed in detail. The linear combination of the two auxiliary problems gave a scattering matrix S for the original structure. Through this matrix, the transmission coefficient T 00 and the reflection coefficient R 00 of the slab were found explicitly. We have found that, for arbitrary shaped holes, the coefficients T 00 and R 00 depend only on one parameter 0 , which is the transmission coefficient of the first auxiliary problem. This coefficient was found to lie on a circle in the complex plane.
Numerical values of 0 were found for circular holes. Specifically, an infinite system of algebraic equations was derived from the integral representation of the solution of the first auxiliary problem. The coefficient 0 was explicitly obtained from these algebraic equations. By using the fact that the hole size is very small compared to the spacing of the holes, 0 was obtained numerically. The plots of ͉T 00 ͉ were given for circular holes. The plots showed that for fixed thickness of the slab, the function ͉T 00 ͉ is O͑d 2 ͒ quantities except at certain frequencies, at which the wave can transmit almost completely. On the other hand, if the frequency of the incident wave is fixed, by adjusting the thickness of the slab, we can have either completely transmitted or a completely reflected wave. We have also considered the effects of losses on the resonant behavior of our structure. If these are not too large, then our structure may be potentially useful in constructing filters and resonators.
APPENDIX A
In this appendix we will find the order of eigenvalues of a general hole shape. The characteristic size of the hole is d, which is defined as the square root of the area of the hole. We assume that the eigenvalues and the eigenfunctions are p and p , respectively, with p =0,1,2,.... where the domain is independent of d and is thus O͑1͒. The eigenvalues for this problem are ⌳ p = d 2 p 2 and these are O͑1͒ quantities, which depend upon the geometry of this scaled domain. Hence the p = O͑1/d͒ as d → 0.
APPENDIX B
To prove ␥ 00 = 0 , we consider the equation
Integrating it over the cube ͉z ͉ Ͻ z ϱ , ͉x ͉ Ͻ a /2, ͉y ͉ Ͻ b / 2 and applying the divergence theorem, we obtain
where the double integral is over the six surfaces of the cube and n is the normal direction of each surface. The integrals over four surfaces cancel off with each other because of the periodic boundary conditions. Therefore, only the surface integrals over the top and the bottom remain, which gives After substituting infinite series expansions for u 1 and u 1 in this equation, most terms cancel off. We obtain 2ik␥ 00 = 2ik 0 , ͑B4͒ which yields the result ␥ 00 = 0 .
APPENDIX C
Suppose we chose k properly such that all the higher order modes are evanescent. Then, generally, we have u 1 = a 0 e −ikz + b 0 e ikz at z =−ϱ and u 1 = c 0 e ikz + d 0 e −ikz at z = ϱ. Considering ٌ · ͕ū 1 ٌ u 1 − u 1 ٌ ū 1 ͖ = 0, which is equivalent to ٌ · ͕I͑ū 1 ٌ u 1 ͖͒ = 0, by using the same procedure as was done in Appendix A, we obtain 
